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============

Douglis analysis is an alternative approach to complex methods for the investigation of linear and uniformly elliptic systems of 2*n* equations for 2*n* desired real-valued functions.

The function theory associated with the Douglis operator in $\documentclass[12pt]{minimal}
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                \begin{document}$\mathbb{C}$\end{document}$ in the usual way) plays a very important role in problems in pure mathematics, mathematical physics, and engineering, such as plane elasticity theory and hydromechanics.

The well-known Douglis system, that is, an elliptic system of first order in two independent variables, can be represented by a single "hypercomplex" equation. Solutions of such equation (null solutions of the Douglis system) are termed hyperanalytic functions. In \[[@CR1]\] Douglis presented a complete study of the hyperanalytic function theory. For greater details the reader is directed to \[[@CR2]\] and to \[[@CR3]\] for a thorough treatment of this theory.

In more recent times hyperanalytic function theory has been developed for solving problems of mathematical physics such as plate and shell problems. In \[[@CR4], [@CR5]\] the authors provided conditions for the solvability of the Riemann boundary value problem for hyperanalytic functions on classes of fractal closed curves. Hence, this can be regarded of as a good motivation for finding conditions on the boundary, which give boundedness of certain singular integral operators, such as the Hilbert transform when the boundary is permitted to be fractal. To this end, in \[[@CR6]\] the authors gave an estimate for the upper bound of the Hölder norm a fractal version of the Hilbert transform for domains with *d*-summable boundary; a geometric notion introduced in \[[@CR7]\], which is essential for integration of a form over a fractal boundary.

Serving as a generalization of the concept of *d*-summability, the authors of \[[@CR5]\] proposed a novel modification by the use of a gauge function (dimension function) in order to use different functions of diameter. Explicit examples were given to illustrate how the notion of *h*-summability can be applied to describe the geometry of a simply connected bounded open subset of the plane in a more delicate manner than the latter one. Several geometric facts related to *d*-summable sets can be generalized to *h*-summable sets.

The present paper aims to give an explicit expression for the upper bound of the norm of a fractal version of the Hilbert transform involving domains with *h*-summable boundary. This makes our results much more general to that given in \[[@CR6]\].

Preliminaries {#Sec2}
=============

In this section we set up notation and terminology on Douglis analysis and fractal geometry to be used throughout the paper.

Douglis algebras and hyperanalytic functions {#Sec3}
--------------------------------------------
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We continue this section by compiling some of the important facts of fractal geometry.
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By definition, presented in \[[@CR7]\], a set $\documentclass[12pt]{minimal}
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### Definition 1 {#FPar1}

\[[@CR8], Definition 1\]
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The notion of *h*-summable set remains unchanged if $\documentclass[12pt]{minimal}
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Here and subsequently, *c* will denote a positive constant, not necessarily the same at different occurrences.
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A positive real function *ϕ* defined in $\documentclass[12pt]{minimal}
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### Remark 1 {#FPar4}
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The hypercomplex Cauchy type integral on *h*-summable curves {#Sec6}
============================================================

In this section we define and characterize the hypercomplex Cauchy type integral on *h*-summable curves. This definition is inspired by the Borel-Pompeiu formula derived in \[[@CR2], Theorem 1.3\]. We deal with an appropriate extension for hypercomplex functions *f* defined on a *h*-summable curve *γ*, which is obtained by the Whitney extension operator $\documentclass[12pt]{minimal}
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Definition 2 {#FPar5}
------------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi\in\Phi$\end{document}$ and Ω be a domain with *h*-summable boundary *γ* where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$h(t)=\varphi(t)t$\end{document}$, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t \in[0, \vert \gamma \vert ]$\end{document}$. We define the Cauchy type integral of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f\in\mathcal{H}_{\varphi}(\gamma)$\end{document}$ by the formula $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bigl(\mathbf{C}^{*}_{\gamma}f\bigr) (z)=f^{\omega}(z)-T_{\Omega}\bigl[\partial _{\bar{z}}^{J} \mathcal{E}_{0}f\bigr](z), \quad z\in\mathbb{C}\setminus\gamma, $$\end{document}$$ where $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ T_{\Omega}\bigl[\partial_{\bar{z}}^{J}\mathcal{E}_{0}f \bigr](z):= \int_{\Omega }e_{z}(\zeta)\partial_{\bar{\zeta}}^{J} \mathcal{E}_{0}(f) (\zeta)\, d\xi\,d\eta,\quad \zeta=\xi+i\eta. $$\end{document}$$

The following proposition makes this definition legitimate.

Proposition 1 {#FPar6}
-------------

*The hypercomplex function* ([3](#Equ3){ref-type=""}) *is correctly defined for any* $\documentclass[12pt]{minimal}
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Proof {#FPar7}
-----
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A natural question to ask is whether $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf{C}^{*}_{\gamma}f$\end{document}$ has a continuous extension to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Omega\cup\gamma$\end{document}$. It is generally a highly nontrivial question. However, on the positive side, the next theorem sheds some light on the answer and one can therefore also introduce the following fractal hypercomplex Hilbert transform: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bigl(H^{*}_{\gamma}f\bigr) (t):=2\bigl({\mathbf{C}^{*}_{\gamma }}^{+}f \bigr) (t)-f(t),\quad t\in\gamma. $$\end{document}$$ Here $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${\mathbf{C}^{*}_{\gamma}}^{+}f$\end{document}$ denotes the trace on *γ* of the continuous extension of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf{C}^{*}_{\gamma}f$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Omega \cup\gamma$\end{document}$. This approach is an alternative to the more conventional hypercomplex Hilbert transform, which is defined to be the Cauchy principal value singular integral $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ (H_{\gamma}f) (t):= \int_{\gamma}e_{t}(\zeta ) \bigl(f(\zeta)-f(t)\bigr)\,d \zeta+f(t),\quad t\in\gamma. $$\end{document}$$

Theorem 1 {#FPar8}
---------
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Proof {#FPar9}
-----
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                \begin{document}$$ \begin{aligned} \int_{\Omega} \bigl\Vert \partial_{\bar{\zeta}}^{J} \mathcal {E}_{0}(f) (\zeta) \bigr\Vert ^{p} \,d\xi\,d\eta&= \sum_{Q\in\mathcal {W}} \int_{Q} \bigl\Vert \partial_{\bar{\zeta}}^{J} \mathcal {E}_{0}(f) (\zeta) \bigr\Vert ^{p} \,d\xi\,d\eta \\ &\leq c \vert f \vert _{\varphi,\gamma}^{p} \sum _{Q\in \mathcal{W}} \int_{Q}\bigl(\operatorname {dist}(\zeta,\gamma)^{-1}\varphi \bigl(\operatorname {dist}(\zeta ,\gamma)\bigr)\bigr)^{p}\,d\xi\,d\eta \end{aligned} $$\end{document}$$ by the Whitney extension theorem.
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\zeta\in Q$\end{document}$.
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Since *p* was so chosen to satisfy $\documentclass[12pt]{minimal}
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---------------------------------------------------------------

In this subsection we show how, under conditions of Theorem [1](#FPar8){ref-type="sec"}, the fractal Hilbert transform $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal{H}_{\psi}(\gamma)$\end{document}$. We also estimate its Hölder norm. The main result is of comparable strength to that of \[[@CR6], Theorem 2.5\] for the case of *d*-summables curves.

### Theorem 2 {#FPar10}

*If* *φ*, *ψ* *and* *γ* *are as in Theorem * [1](#FPar8){ref-type="sec"}, *then* $\documentclass[12pt]{minimal}
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### Proof {#FPar11}
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On the other hand, a more careful look at the proof of Theorem [1](#FPar8){ref-type="sec"} reveals that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned} \int_{\Omega} \bigl\Vert \partial_{\bar{\zeta}}^{J} \mathcal {E}_{0}(f) (\zeta) \bigr\Vert ^{p} \,d\xi\,d\eta& \leq c \vert f \vert _{\varphi,\gamma}^{p} \sum _{Q\in\mathcal{W}}\varphi \bigl( \vert Q \vert \bigr)^{p} \vert Q \vert ^{2-p}=c \vert f \vert _{\varphi,\gamma}^{p} \sum_{Q\in\mathcal {W}}h\bigl( \vert Q \vert \bigr) \\ &=c \vert f \vert _{\varphi,\gamma}^{p} s(h). \end{aligned} $$\end{document}$$ Therefore $$\documentclass[12pt]{minimal}
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Using the basic property of *W*, see \[[@CR2], inequality (1.14), p.12\], we have $$\documentclass[12pt]{minimal}
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### Theorem 3 {#FPar12}
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### Proof {#FPar13}
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### Remark 2 {#FPar14}

Note that the upper bound obtained in Theorem [3](#FPar12){ref-type="sec"} generalizes and strengthens Theorem 2.6 of \[[@CR6]\].
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